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BUNDLES WITH NON-MULTIPLICATIVE Â-GENUS AND SPACES OF
METRICS WITH LOWER CURVATURE BOUNDS
GEORG FRENCK AND JENS REINHOLD
Abstract. We construct smooth bundles with base and fiber products of two spheres whose
total spaces have non-vanishing Â-genus. We then use these bundles to locate non-trivial
rational homotopy groups of spaces of Riemannian metrics with lower curvature bounds for all
Spin-manifolds of dimension six or at least ten which admit such a metric and are a connected
sum of some manifold and Sn × Sn or Sn × Sn+1, respectively. We also construct manifolds
M whose spaces of Riemannian metrics of positive scalar curvature have homotopy groups
that contain elements of infinite order which lie in the image of the orbit map induced by the
push-forward action of the diffeomorphism group of M .
1. Introduction
For a closed smooth manifold M , let R(M) denote the space of metrics on M , equipped with
the C∞-topology. Its subspace Rscal>0(M) of metrics of positive scalar curvature has been
the subject of much research in recent years. For example, it has been shown by Botvinnik–
Ebert–Randal-Williams in [BERW17] that its homotopy groups are, roughly speaking, at least
as complicated as the real K-theory of a point, provided that M is Spin and of dimension at
least 6. For further results, see [Wal14; CSS18; ERW19]. In contrast, little is known about the
topology of the corresponding spaces for positive (or nonnegative) Ricci (or sectional) curvature
if they are non-empty; in particular, even simple non-vanishing results for its higher rational
homotopy or homology groups are scarce.
In this paper, we detect elements of infinite order in these groups for a large class of
manifolds. To state our results in the greatest generality, let F(M) ⊂ R(M) be a Diff(M)-
invariant subset that admits a Diff(M)-equivariant continuous map ιF : F(M)→ Rscal>0(M).
Furthermore, let W 2ng := (S
n × Sn)#g denote the g-fold connected sum of Sn × Sn, and
analogously W 2n+1g := (S
n × Sn+1)#g. For a closed manifold M of dimension d, we define the
genus of M to be the largest number g such that there exists a manifold N with M ∼= N#W dg .
The term πj(X)⊗Q 6= 0 for some space X shall mean that there exists a base point x ∈ X such
that πj(X,x)⊗Q 6= 0.
Theorem A. Let d ≥ 10 with d 6= 13 and let M be a d-dimensional Spin-manifold of genus
at least 1. If F(M) 6= ∅, then either π1(F(M)) is infinite or πj(F(M)) ⊗ Q 6= 0 for some
2 ≤ j ≤ 9.
Remark 1.1. (i) The most obvious examples for F(M) are Diff(M)-invariant subsets of
Rscal>0(M), since the inclusion is obviously continuous and Diff(M)-equivariant. This
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includes the space RRic>0(M) of metrics of positive Ricci curvature. By applying the
Ricci-flow one can show that the space Rscal≥0(M) of metrics of nonnegative scalar
curvature also admits such a map, provided that M does not admit a Ricci-flat metric
(cf. Proposition 3.3). In this case Theorem A also holds for Diff(M)-invariant subsets of
the space Rscal≥0(M), which yields results on the spaces RRic≥0(M) and RSec≥0(M) of
nonnegative Ricci and sectional curvature.
(ii) One can refine the statement in this theorem so that one obtains a more precise estimate
on which rational higher homotopy groups are nontrivial depending on the dimension
modulo 8:
d ≡ 0 (mod 8) : j ∈ {2, 3, 7} d ≡ 1 (mod 8) : j ∈ {2, 3, 6}
d ≡ 2 (mod 8) : j ∈ {2, 5} d ≡ 3 (mod 8) : j ∈ {2, 4}
d ≡ 4 (mod 8) : j = 3 d ≡ 5 (mod 8) : j ∈ {2, 3, 4, 6}
d ≡ 6 (mod 8) : j ∈ {2, 3, 4, 9} d ≡ 7 (mod 8) : j ∈ {2, 3, 4, 8}
Remark 1.2. Botvinnik–Ebert–Wraith derive a similar result in [BEW20], but in contrast to
ours it neither applies to manifolds of dimension d ≡ 6 (mod 8), nor to odd-dimensional ones.
We also improved the lower bound required on the dimension and genus of the manifold.
Theorem A does not apply to dimensions smaller than 10 and its assertion is weakest in
dimensions d ≡ 6 (mod 8), but in those dimensions we get the following additional result that
also holds in dimension 6.
Theorem B. Let d ≡ 6 (mod 8) be a positive integer, and let M be a d-dimensional Spin-
manifold of genus at least 1. If F(M) 6= ∅, then at least one of the following is true.
(i) The map ιF : F(W d1 )→ Rscal>0(W d1 ) collapses infinitely many path components to one.
(ii) H1(F(M);Q) 6= 0.
Remark 1.3. (i) Note that statement (ii) from Theorem B is stronger than π1(F(M)) being
infinite. It implies that there is an element of infinite order in the abelianisation of this
group.
(ii) For the case of positive Ricci curvature, a list of manifolds to which Theorem A and
Theorem B are applicable is given in [BEW20, Corollary 1.2] or [Bur20, Definition 1.1].
Remark 1.4. For d = 13 (and in fact for every d ≥ 13 with d ≡ 5 (mod 8)) we get a result that
looks like a mixture of Theorem A and Theorem B. In this case at least one of the following is
true.
(i) The map ιF : F(W d1 )→ Rscal>0(W d1 ) collapses infinitely many path components to one.
(ii) π1(F(M)) is infinite.
(iii) π2(F(M))⊗Q 6= 0.
The two theorems above follow from a more general statement about the rational cohomology
groups of the space F(M) (cf. Theorem 3.4 and Proposition 3.2). In its proof, the main new
ingredient is the construction of W d1 -bundles over the product of two spheres with non-vanishing
Â-genus. The most general version of our construction yields the following.
Proposition 1.5. For positive integers p, q, i, j such that 2j < p < 4i and 2i < q < 4j, there
exists a smooth bundle E → S4i−p×S4j−q with fiber Sp×Sq, containing a trivialized disk bundle,
whose total space admits a Spin-structure and has non-vanishing Â-genus.
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Employing these bundles in another way, we also obtain examples of manifolds M for which
the image of the map on homotopy groups induced by the orbit map Diff(M,D)→ Rscal>0(M)
(associated to the push-forward action) contains elements of infinite order. Here Diff(M,D) is
the topological group of diffeomorphisms of M fixing an embedded disk D ⊂M of codimension
zero.
Theorem C. Let i, j be positive integers with |i − j| < min(i, j) and k < 4j − 2i − 1. Then
for every p ∈ {2j + 1, . . . , 4i− 1} there exists a fiber bundle Sp × S4j−k−1 →M → S4i−p with
Rscal>0(M) 6= ∅ such that the image of the map induced by the orbit map πk(Diff(M,D), id) −→
πk(Rscal>0(M), g) contains an element of infinite order for every g ∈ Rscal>0(M).
Remark 1.6. Note that this gives examples for every k ≥ 0 and since 4j−k−1 > 2i ≥ min(p, 4i−p)
the manifold M is min(p, 4i− p)-connected. It follows from the proof of Theorem C pertaining
to Diff(M,D) that it is also true for N#M for any Spin-manifold N of positive scalar curvature,
by extending diffeomorphisms by the identity.
Remark 1.7. Manifolds as in Theorem C were known to exist for some time by [HSS14, Corollary
2.6], however their construction “is based on abstract existence results in differential topology
[and] does not yield an explicit description of the diffeomorphism type of the [...] manifold”
[loc. cit. p. 3].
Recently, Kupers, Krannich, and Randal-Williams have shown [KKRW20] that the image
of the map π3(Diff(HP2), id) → π3(Rscal>0(HP2), gst) contains an element of infinite order,
analogous to the manifolds from above. Here, gst denotes the standard metric on HP2, which
is of positive sectional curvature. Their result is especially remarkable as it goes beyond the
abstract result by Hanke, Schick and Steimle insofar it also gives elements in π3(RRic>0(HP2), gst)
and even π3(Rsec>0(HP2), gst) of infinite order. We do not know if the manifolds from Theorem
C admit a metric of positive Ricci curvature.
2. Bundles over products of spheres with non-vanishing Â-genus
2.1. The construction of the bundle. In this section, we construct smooth bundles whose
fiber and base are products of spheres and whose total spaces have non-vanishing Â-genus,
thereby proving Proposition 1.5. Throughout the whole section, we assume that p, q, i, j are
positive integers such that the inequalities 2j < p < 4i and 2i < q < 4j are satisfied.
Construction 2.1. We build a smooth bundle
(Sp × Sq) \ D̊p+q → E′ π−→ S4i−p × S4j−q
as follows. Consider the plumbing of two trivial disk bundles,
Sp ×Dq− ∪Dp−×Dq− D
p
− × Sq ∼= Sp × Sq\D̊p+q,
where Dd− denotes the lower hemisphere of S
d. See Figure 1 for a visualization of this manifold.
The mapping spaces ΩpsmSO(q) and Ω
q
smSO(p) of those maps
(Sp, Dp−)→ (SO(q), 1) and (Sq, D
q
−)→ (SO(p), 1)
so that the adjoint maps Sp × Dq → Dq and Dp × Sq → Dq are smooth can be endowed
with the compact-open topology and the group structure induced from point-wise composition.
The adjoint maps then twist the handles of Sp × Sq\D̊p+q, which produces two commuting
actions of ΩpsmSO(q) and Ω
q
smSO(p) on Sp × Sq\D̊p+q. The inclusions ΩqsmSO(p) ⊂ ΩqSO(p)
and ΩpsmSO(q) ⊂ ΩpSO(q) are weak equivalences. We continue by picking α ∈ π4i(BSO(q))
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and β ∈ π4j(BSO(p)) such that pi(α), pj(β) 6= 0, where pi denotes the i-th Pontryagin class
[MS74] that gives rise to a homomorphisms πiBSO(d)→ Q. This is possible by the assumptions
on p, q, i, j, cf. [Mil59, Lemma 5]. We then choose representatives of clutching function of the
corresponding vector bundles, α̂ : S4i−p−1 → Maps((Sp, Dp−), (SO(q), 1)) and β̂ : S4j−q−1 →
Maps((Sq, Dq−), (SO(p), 1)), respectively. By the discussion above we may assume that these
maps are smooth. Finally, we define for x ∈ S4i−p−1 and y ∈ S4j−q−1.
αx : S
p ×Dq− −→ Sp ×D
q
− αx(s, t) = α̂(x)(s) · t
βy : D
p
− × Sq −→ D
p
− × Sq βy(s, t) = β̂(y)(t) · s.
Both families fix the disk Dp−×D
q




Sp × Sq\D̊p+q. Since they have disjoint support, they obviously commute, and (αx)x∈S4i−p−1 ,
(βy)y∈S4j−q−1 can be seen as clutching functions of S
p×Sq\D̊p+q with disjoint supports, so they
produce a smooth bundle
(Sp × Sq) \ D̊p+q → E′ π−→ S4i−p × S4j−q
which contains a trivialized Dp+q-subbundle. Also, without loss of generality we may assume
that the boundary subbundle of E′ contains a trivial Dp+q−1-subbundle. This can be achieved





Figure 1. The manifold Sp × Sq\D̊p+q serves as the fiber
Lemma 2.2. Let π : X → B be a smooth (Sn, Dn)-bundle whose base space B = Si1 × · · · ×Sir
is a product of spheres. Then the following holds.
(i) If n is even and dim(B) ≤ n− 5, there exists a map ϕ : B → B of non-zero degree such
that ϕ∗π is trivial.
(ii) If n is odd and dim(B) ≤ n− 3, there exists a map ϕ : B → B of non-zero degree such
that ϕ∗π is the bundle of boundaries of a smooth Dn+1-bundle.
Lemma 2.2, which will be proven below, implies that we can modify the construction of the
bundle above so that we obtain a bundle Sp × Sq → E → S4i−p × S4j−q with closed fiber
Sp×Sq by precomposing the classifying map of E′ with a self-map ϕ of S4i−p×S4j−q of nonzero
degree, and gluing in a disk bundle along the boundary of ϕ∗E′. This boundary is a smooth
(Sp+q−1, Dd+q−1− )-bundle over S
4i−p × S4j−q.
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It follows from the inequalities on p, q, i, j that 2i ≤ q − 1 and 2j ≤ p− 1. If d = p+ q − 1 is
even (and thus one of p−1, q−1 is odd), then 2(i+j) ≤ p+1−3 and hence dim(S4i−p×S4j−q) =
4(i+ j)− (p+ q) ≤ p+ q − 6 = (d− 1)− 5 holds, as (i) in Lemma 2.2 demands with n = d− 1.
If d = p+ q − 1 is odd, then dim(S4i−p × S4j−q) = 4(i+ j)− (p+ q) ≤ p+ q − 4 = (d− 1)− 3
holds as (ii) demands.
For the proof of Lemma 2.2 we need the following auxiliary result.
Lemma 2.3. Let B = Si1 × · · · × Sir be a product of spheres, and let Y be a connected based
space such that every element in πj(Y, y) has finite order for 1 ≤ j ≤ dim(B) = i1 + · · ·+ ir.
Then for any map f : B → Y , there exists a map ϕ : B → B of non-zero degree such that f ◦ ϕ
is nullhomotopic.
Proof. We first prove the claim for the case that Y = K(π, j) is an Eilenberg–MacLane space,
with π a finite group (abelian if j ≥ 2) and 1 ≤ j ≤ b. If j = 1, homotopy classes of based maps
f : B → Y are in bijection with group homomorphisms Z` → π, where ` is the number of indices
ik that are 1. Since every element in π has finite order, the image of this group homomorphism is
finite and precomposing with a suitable map ϕ : B → B of non-zero degree induces the constant
homomorphism Z` → π, which implies that f ◦ ϕ is null. If 2 ≤ j ≤ dim(B), homotopy classes
of maps B → Y are in bijection with Hj(B;π), and we can find a suitable map ϕ : B → B of
non-zero degree that induces multiplication by a multiple of the order of π on jth cohomology,
which implies that f ◦ ϕ is null.
Employing an inductive argument over the Whitehead tower of Y that decomposes into fiber
sequences Y 〈j + 1〉 → Y 〈j〉 → K(j, πj(Y )), we can precompose with suitable maps ϕj : B → B
of non-zero degree such that f ◦ ϕ1 ◦ · · · ◦ ϕj : B → Y can be lifted along Y 〈j + 1〉 → Y 〈j〉. At
the end, we have produced a map ϕ = ϕ1 ◦ · · · ◦ ϕdim(B) : B → B of non-zero degree such that
f ◦ ϕ can be lifted along Y 〈dim(B) + 1〉 → Y . But any map B → Y 〈dim(B) + 1〉 is null, which
finishes the proof. 
Proof of Lemma 2.2. The given bundle π is classified by a map f : B → BDiff(Sn, Dn−) =
BDiff∂(D
n
+), well-defined up to homotopy. If n is even, then it follows from [RW17, Theorem
4.1] that the assumption on Y in Lemma 2.3 above is satisfied for Y = BDiff∂(D
n), so (i) follows
from this lemma.
For (ii), we first note that the fiber sequence
BDiff∂(D
n+1)→ BDiff(Dn+1, Dn−)→ BDiff∂(Dn+),
where Dn+ denotes the upper hemisphere of ∂D
n+1 = Sn, can be delooped with respect to the
canonical Ed structure [BL74], which gives rise to an exact sequence
[B,BDiff(Dn+1, Dn−)]→ [B,BDiff∂(Dn)]
δ−→ [B,B2 Diff∂(Dn+1)]
of pointed sets of homotopy classes.
Since n is odd and hence n+ 1 ≥ 6 is even, it follows from [RW17, Theorem 4.1] as above
that the homotopy groups of the space B2Diff∂(D
n+1) only contain elements of finite order in
degrees at most n− 3. Thus, Lemma 2.3 above implies that there exists a map ϕ : B → B of
non-zero degree such that δ(f ◦ ϕ) = δ(f) ◦ ϕ = 0, hence ϕ∗π is the bundle of boundaries of a
smooth Dn+1-bundle, as claimed. 
2.2. Characteristic Classes. In this section, we prove that the total space of the fiber bundle
Sp × Sq → E → S4i−p × S4j−q constructed above has non-vanishing Â-genus.
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Lemma 2.4. The only two potentially non-vanishing Pontryagin-numbers of E are pi+j and
pipj, and the latter is actually non-zero. Furthermore, Â(E) 6= 0.
Proof. To verify the first claim, it suffices to consider the Sp × Sq\D̊p+q-bundle E0 → S4i−p ×
S4j−q\D̊4(i+j)−(p+q) =: B ' S4i−p ∨ S4j−q obtained from E → S4i−p × S4j−q previously con-
structed by cutting out a disk in the base, and show that the only non-zero Pontryagin classes
of E0 are pi and pj , as all non-zero Pontryagin classes of E besides pi+j remain non-zero under
the map H∗(E,Q) → H∗(E0,Q). For this note that the core Sp ∨ Sq ⊂ Sp × Sq\D̊p+q is a
deformation retract and is fixed under the handle twisting in Construction 2.1, hence the bundle
E0 → S4i−p ∨ S4j−q is trivial as a fibration.
The submanifolds (? ∨ Sq) × (S4i−p ∨ ?) and (Sp ∨ ?) × (? ∨ S4j−q) have a trivial normal
bundle in E, hence the stable tangent bundle of E is trivial when pulled back along the inclusion
of these submanifolds. Moreover, the compositions
(Sp ∨ ?)× (S4i−p ∨ ?)→ S4i α−→ BSO and (? ∨ Sq)× (? ∨ S4j−q)→ S4j β−→ BSO
classify the stabilized normal bundles of these spheres, where the first maps are given by
collapsing the (4i− 1)- resp. (4j − 1)-skeleton. This implies that the only non-zero Pontryagin
classes of E0 are pi and pj , and that these classes evaluate nontrivially when paired with the
fundamental classes of the submanifolds (? ∨ Sq)× (S4i−p ∨ ?) and (Sp ∨ ?)× (? ∨ S4j−q). As
these submanifolds intersect transversally in one point in E, we deduce that pipj(E) is non-zero.
The signature of any manifold that fibers over a sphere vanishes by [CHS57] for d ≥ 2 and
by [Mey72, Theorem I.2.2] for d = 1. The claim Â(E) 6= 0 then follows from the proceeding
Lemma 2.5. 
Lemma 2.5. Let M be a closed oriented manifold of dimension 4(i+j) such that all characteristic
numbers of M except pi+j and pipj vanish, and pipj(M) 6= 0. Then if the signature σ(M)
vanishes, Â(M) 6= 0.
Proof. We will show that the corresponding polynomials Li+j and Âi+j are linearly independent
in Q[pi, pj , pi+j ]4(i+j), which implies the assertion. Let us denote the coefficients of the L- and
Â-polynomials as given in the following expressions.
L = 1 + 1
3
p1 + · · ·+ sipi + · · ·+ sjpj + · · ·+ si+jpi+j + · · ·+ si,jpipj + . . .
Â = 1− 1
24
p1 + · · ·+ aipi + · · ·+ ajpj + · · ·+ ai+jpi+j + · · ·+ ai,jpipj + . . .
We claim that1 sisj = si+j +λsi,j and aiaj = ai+j +λai,j where λ = 2 if i = j and λ = 1 if i 6= j.
This can be derived from the the multiplicativity of the corresponding sequences [MS74], as
follows. We consider the multiplicative sequence arising from L, abusively denoted by the same
variable, where we abbreviate the sequence (0, . . . , 0, 1, 0, . . . ) with the 1 at the `th position by
e`.
1For L, this identity is mentioned in the appendix of a preliminary version of [Wei20].
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Suppose first that i = j. Then
s2i + 2si,i =
(




= (L(1 + ei)L(1 + ei))2i
= L((1 + ei)(1 + ei))2i
= L(1 + 2 · ei + e2i)2i
= s2i + 4si,i,
and subtracting 2si,i gives the desired equation.
If i 6= j, the calculation is slightly different. Without loss of generality, we may assume i < j.
Furthermore, we will first assume that i does not divide j, in which case we have
sisj = ((1 + siei + si,ie2i + . . . )(1 + sjej + sj,je2j + . . . ))i+j
= (L(1 + ei)L(1 + ej))i+j
= L((1 + ei)(1 + ej))i+j
= L(1 + ei + ej + ei+j)i+j
= si+j + si,j ,
as claimed. If i does divide j, however, and r := j/i is integral, this computation has to be
changed in such a way that si,i,...,i (with i appearing r times) is added to both terms at the very
beginning and end of the equation, which does not affect the truth of the identity. The proof of
the identity for the coefficients of Â is completely analogous.












and ak = −
B2k
2 · (2k)!
(see [Hir66, Ch. 1, 3]), it thus suffices to check that the matrix(






is non-singular, which is clear since its determinant −14(2
2i − 1)(22j − 1) is always negative. 
Remark 2.6. For a far more general formula of the coefficients of L- and Â-polynomials, see
[FS16; BB18].
In order to make use of the bundle E → S4i−p × S4j−q from above with applications to positive
curvature in mind, we need the existence of a Spin-Structure on its vertical tangent bundle,
or equivalently the total space of E. This follows from the next lemma since the base space
S4i−p × S4j−q is Spin and the fiber Sp × Sq is 2-connected as p, q > 2 by assumption.
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Lemma 2.7. For a 2-connected smooth d-manifold F and a Spin-manifold B, the total space
of any oriented smooth bundle E → B with fiber F that contains a trivialized disk bundle admits
a Spin-structure.
Proof. Let ι : B × Dd ↪→ E be the bundle embedding of trivial disk bundle. Then B =
B × {0} → B ×Dd → E is a section of E. The map E → B is 3-connected and hence ι induces
an isomorphism H2(B ×Dd)→ H2(E). Therefore we have
ι∗w2(E) = w2(ι
∗E) = w2(T (B ×Dd)) = w2(B) = 0
and injectivity of ι implies that w2(E) vanishes. 
Remark 2.8. In Lemma 2.7, the assumption that E contains a trivial disk bundle is essential:
Let π : V → S2 be a vector bundle of rank n ≥ 3 with nontrivial second Stiefel–Whitney class
and let Sn−1 → E π−→ S2 be the embedded sphere bundle. The stabilized tangent bundle of E
is given by
TE ⊕ R2 ∼= (π∗TS2 ⊕ R)︸ ︷︷ ︸
∼=R3
⊕ (TπE ⊕ R)︸ ︷︷ ︸
π∗V
and hence w2(E) 6= 0 and E does not admit a Spin-structure.
The following proposition combines what we proved so far and is the essential result needed for
the geometric applications in Section 3.
Proposition 2.9. The total space E from Lemma 2.4 admits no metric of positive scalar
curvature.
Proof. By the above discussion (Lemma 2.7), there is a Spin-structure on E. Using that we
know Â(E) 6= 0 by Lemma 2.4, the statement about metrics of positive scalar curvature is now
a well-known consequence of the Lichnerowicz formula [Lic63] and the Atiyah–Singer index
theorem [AS63]. 
Recall the definition of the generalized Miller-Morita-Mumford-classes κc ∈ H∗(BDiff+(M)),
also known as tautological or simply κ-classes: for a smooth M -bundle π : E → B, let TπE denote
the vertical tangent bundle. Then for any class c ∈ H∗(BSO(dim(M))), κc := π!c(TπE) ∈
H∗−dim(M)(B), where π! stands for the Gysin map
2. Note that for the bundle π : E → S4i−p ×
S4j−q, we have
〈κÂk(π), [S
4i−p × S4j−q]〉 = 〈π!Âk(TπE), [S4i−p × S4j−q]〉
= 〈Â(T (S4i−p × S4j−q)) ∪ π!Âk(TπE), [S4i−p × S4j−q]〉
= 〈Â(π∗T (S4i−p × S4j−q)) ∪ Âk(TπE), [E]〉
= 〈Â(TE), [E]〉 = Â(E) 6= 0.
where Âk is the degree k homogeneous part of the Â-class. We conclude that 0 6= κÂk(E) ∈
H4k−d(S4i−p × S4j−q;Q). Since E contains a trivial Dd-subbundle we deduce the following by
glueing trivial bundles onto π
Corollary 2.10. For any Spin-manifold M of dimension d = p + q, there exists a smooth
bundle πM : EM → S4i−p × S4j−q with fiber (Sp × Sq)#M whose vertical tangent bundle has
Spin-structure and which satisfies κÂk(πM ) 6= 0.
2This is often called fiber integration.
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3. Applications to spaces of metrics
3.1. Metrics on Sp × Sq. For the implications on the space F(M#(Sp × Sq)), we use a slight
upgrade of the detection principle from [BEW20] where it is only stated for positive Ricci
curvature. To make it easier to follow the line of thought, it seems most natural to include the
proof from loc. cit. and adjust it slightly.
Let M be a d-dimensional closed Spin-manifold and let Rinv(M) denote the space of Rie-
mannian metrics on M such that the associated Dirac operator is invertible. Let us assume
that Rinv(M) is nonempty and let π : E → B be an M -bundle over a connected space B with a
Spin-structure on the vertical tangent bundle. We get an associated Diff(M)-principal bundle
Q→ B such that Q×Diff(M) M ∼= E and we define




Theorem 3.1. [BEW20, Theorem 2.1] In the situation described above, let us assume that
(i) The action of π1(B) on H
0(Rinv(M)) induced by the fiber transport factors through a
finite group.
(ii) For some k > d4 the class κÂk(E) ∈ H
4k−d(B;Q) is nontrivial.
Then there exists an r ∈ {2, . . . , 4k−d} such that H4k−d−r(B;Q) 6= 0 and Hr−1(Rinv(M);Q) 6= 0.
Proof. If the action π1(B) y H0(Rinv(M)) factors through a finite group there is a finite
cover p : B̃ → B such that the action π1(B̃) y H0(Rinv(M)) is trivial. The induced map
p∗ : Hk(B;Q)→ Hk(B̃;Q) is injective and so the bundle p∗E → B̃ satisfies assumption (ii), too.
Therefore we may assume that the action π1(B) y H0(Rinv(M)) is trivial.






The bundle Π∗E admits a canonical fiberwise metric with invertible Dirac operators which implies
that Π∗ind(E) ∈ KO−d(Rinv(π)) vanishes. By the cohomological version of the Atiyah–Singer
family index theorem we have
Π∗κÂk = (ch2k ◦ c)(Π
∗ind(E)) = 0 ∈ H4k−d(Rinv(π);Q)
where ch2k denotes the 2k-th component of the Chern character and c is the complexification
map. So the nontrivial class κÂk lies in the kernel of
Π∗ : H4k−d(B;Q) −→ H4k−d(Rinv(π);Q).
Consider the Serre spectral sequence for the fibration Rinv(π) Π−→ B. The homomorphism Π∗
agrees with the composition
H4k−d(B;Q) −→ H4k−d(B;H0(Rinv(M);Q)) = E4k−d,02
−→ E4k−d,04k−d−1 ↪→ H
4k−d(Rinv(π);Q).
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Since the action of π1(B) on H
0(Rinv(M);Q) is trivial the coefficient system is simple and the
first map is injective. So there is an element in the kernel of E4k−d,02 → E
4k−d,0
4k−d−1 and hence there
exists an r ∈ {2, . . . , 4d− k} such that the differential dr : E4k−d−r,r−1r → E4k−d,0r is nontrivial.
The map H4k−d−r(B;Hr−1(Rinv(M);Q) = E4k−d−r,r−12 → E
4k−d−r,r−1
r 6= 0 is surjective and
it follows that 0 6= H4k−d−r(B;Hr−1(Rinv(M);Q) which enforces H4k−d−r(B;Q) 6= 0 and
Hr−1(Rinv(M);Q) 6= 0. 
Proposition 3.2. Theorem 3.1 holds moreover for every nonempty, Diff(M)-invariant subset
F(M) ⊂ R(M) which admits a Diff(M)-equivariant, continuous map ι : F(M)→ Rinv(M).
Proof. We show that any M -bundle S → X that admits a fiberwise metric (gx)x∈X with
gx ∈ F(π−1(x)) also admits a fiberwise metric with invertible Dirac operators: If αx : M ∼= π−1(x)






x∈X is a fiberwise metric with
invertible Dirac operators. Since ι is Diff(M)-equivariant the above family does not depend on
the choice of αx and is hence well-defined.
Therefore the bundle Π∗FE → F(π) analogous to the bundle Π∗E → Rinv(π) from above
admits a fiberwise metric with invertible Dirac operators and the rest of the proof goes through
without change. 
Proposition 3.3. Every Diff(M)-invariant subset of F(M) ⊂ Rscal>0(M) admits a map ι as
in Proposition 3.2. If M does not admit a Ricci-flat metric, the same holds for every nonempty,
Diff(M)-invariant subset of F(M) ⊂ Rscal≥0(M).
Proof. By the Schrödinger–Lichnerowicz formula, the Dirac operator associated to a metric of
positive scalar curvature on a closed Spin-manifold is invertible. Since the inclusion F(M) ⊂
Rscal>0(M) is obviously Diff(M)-equivariant, the first claim follows from Proposition 3.2.
For the second claim, it suffices to construct a continuous, Diff(M)-equivariant map
ι : Rscal≥0(M)→ Rscal>0(M).
This is done by an argument similar to the one in [SW20]. By [BGI20] the solution to the
Ricci-flow depends continuously on the initial metric with respect to the C∞-topology on
R(M) and hence there exists a continuous map f : R(M)→ (0,∞) such that for every initial
condition g ∈ R(M) the solution to the Ricci flow exists for all t < f(g). The Ricci-flow
preserves isometries and therefore f can be chosen to be Diff(M)-invariant. Furthermore, if g
has nonnegative scalar curvature then for all t > 0 the metrics gt have positive scalar curvature
for all 0 < t < f(g) by [Bre10, Proposition 2.18] since M does not admit a Ricci-flat metric. We
define the map
ι : Rscal≥0(M)→ Rscal>0(M), g 7→ gf(g)/2.
If α : M
∼=−→ M is a diffeomorphism, then (α∗g)f(α∗g)/2 = (α∗g)f(g)/2 = α∗(gf(g)/2), again
because the Ricci flow preserves isometries. Hence ι is Diff(M)-equivariant and continuous. 
Using the bundles constructed in Section 2 we derive our main result:
Theorem 3.4. Let p, q, i, j ∈ N be such that 2j < p < 4i and 2i < q < 4j. Moreover, let
M be a Spin-manifold of dimension (p + q) and let ∅ 6= F(M#(Sp × Sq)) ⊂ R(M) be as in
Proposition 3.2. If 4i−p and 4j−q are both at least 2, then Hm(F(M#Sp×Sq);Q) 6= 0 for some
m ∈ {4i−p−1, 4j−q−1, 4(i+j)−(p+q)−1}. If 4i−p = 1 and for every α ∈ Diff(Sp×Sq, Dp+q)
there exists an l ∈ N such that (αl# id)∗ : F(M#(Sp × Sq))→ F(M#(Sp × Sq)) is homotopic
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to the identity, then Hm(F(M#Sp × Sq);Q) 6= 0 holds for some m ∈ {4j − q − 1, 4j − q}. If
4j − q = 1 as well, then m = 1.
Proof. By the assumptions on p, q, i, j there exists a M#(Sp × Sq)-bundle E → S4i−p × S4j−q
with a Spin-structure on the vertical tangent bundle and non-vanishing κÂk by Corollary 2.10.
The claim then follows immediately from Theorem 3.1 and Proposition 3.2. In the case 4i−p = 1,
note that by assumption, the action π1(B) y H0(F(M#(Sp × Sq))) factors through a finite
group, since π1(B) is either given by Z or Z2. 
Remark 3.5. With the precise statement it is possible to illustrate two more improvements over
the result from [BEW20]: Firstly we can give more precise estimates which rational cohomology
groups are possibly nontrivial and secondly it is possible to show that multiple cohomology
groups are nontrivial. The space F(W 421 ) for example has at least 5 non-vanishing rational
cohomology groups, namely one out of each of {2, 5}, {6, 13}, {10, 21}, {14, 29} and {18, 37}.
In order to deduce Theorem A and Theorem B, we will recall the rational Hurewicz theorem.
Theorem 3.6. ([Ser53], see also [MS74, Theorem 18.3]) Let X be a simply connected space
with πi(X)⊗Q = 0 for 2 ≤ i ≤ r. Then the Hurewicz map induces an isomorphism
H : πi(X)⊗Q −→ Hi(X;Q)
for 1 ≤ i < 2r + 1 and a surjection for i = 2r + 1.
Proof of Theorem A. We start by considering the case d = 7 + 8k for some k ≥ 1. Let us first
assume that F(M) is simply connected. For p = 4k + 3, q = 4k + 4, i = k + 2 = j, Theorem 3.4
implies that Hk(F(M);Q) 6= 0 for some k ∈ {3, 4, 8} and by the universal coefficient theorem
Hk(F(M);Q) 6= 0. If πi(F(M))⊗Q = 0 for i = 2, 3, 4, the rational Hurewicz theorem enforces
π8(F(M))⊗Q 6= 0. If π1(F(M)) is finite, consider the universal covering p : F̃(M)→ F(M).
This yields a transfer map p! : H
k(F̃(M);Q)→ Hk(F(M);Q) with p! ◦ p∗ = id and hence p! is
surjective. If πi(F(M))⊗Q = 0 for i = 2, 3, 4, the same holds for F̃(M). Therefore by the same
argument as above we get π8(F(M))⊗Q = π8(F̃(M))⊗Q 6= 0. The other cases are completely
analogous and the required choices for p, q, i, j are given in the table below for k ≥ 1 (with the
exception for d = 13).
d p q i j 4i− p− 1 4j − q − 1 k ∈
8k + 2 4k + 1 4k + 1 k + 1 k + 1 2 2 {2, 5}
8k + 3 4k + 1 4k + 2 k + 1 k + 1 2 1 {2, 4}
8k + 4 4k + 2 4k + 2 k + 1 k + 1 1 1 {3}
8k + 5 4k + 2 4k + 3 k + 1 k + 2 1 4 {4, 6}
8k + 6 4k + 3 4k + 3 k + 2 k + 2 4 4 {4, 9}
8k + 7 4k + 3 4k + 4 k + 2 k + 2 4 3 {3, 4, 8}
8k + 8 4k + 4 4k + 4 k + 2 k + 2 3 3 {3, 7}
8k + 9 4k + 4 4k + 5 k + 2 k + 2 3 2 {2, 3, 6}
Note that the case d = 13 has to be excluded since it forces j = 2 and hence 4j − q − 1 = 0.
Therefore the assumption that the action of π0(Diff(S
6 × S7, D13)) on π0(F(S6 × S7)) factors
through a finite group is required in this case (cf. Remark 1.4). 
Proof of Theorem B. If the pullback action Z2 ∼= π1(B) → π0(Diff(W d1 , D)) y π0(F(W d1 ))
factors through a finite group, then Theorem 3.4 implies H1(F(M);Q) 6= 0. If the pullback
action does not factor through a finite group, then the orbit of this action gives an infinite family
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of components of F(W d1 ). By [Fre19, Theorem B] the action is trivial on π0(Rscal>0(W d1 )) or
factors through Z/2 depending on the dimension. Hence this infinite family of components of
F(W d1 ) gets mapped to the the same component by ιF . 
3.2. The action of Diff(M) on Rscal>0(M). Let F be a compact orientable manifold and let
us consider an oriented fiber bundle of the form F → E → Sk for k ≥ 0. This is classified by
the homotopy class of a map α : Sk−1 → Diff+(F ) based at the identity by clutching together
two trivial F -bundles over the disk Dk. This means E is given by
E =
(
Dk × F qDk × F
)
/(s, f) ∼ (s, α(s)(f))
for s ∈ Sk−1. Assuming that F carries a metric gF of positive scalar curvature, we get an orbit
map ρ : Diff+(F )→ Rscal>0(F ) to the space of psc metrics on F via pullback ρ(f) = f∗gF . We
have the following well-known observation (see e.g. [HSS14, Remark 1.5]). The proof consists of
constructing a metric on E that has fiberwise positive scalar curvature, shrinking the fibers and
using the O’Neill formulas or by an explicit computation.
Proposition 3.7. If ρ∗[α] = 0 ∈ πk−1(Rscal>0(F ), gF ), then E admits a psc-metric.
Now let Sp×Sq → E π→ S4i−p×S4j−q be the bundle from Section 2. Let M := π−1(S4i−p×{1}).
Then E is an M -bundle over S4j−q with a Spin-structure on the vertical tangent bundle, non-
vanishing Â-genus and hence no metric of positive scalar curvature. In order to apply Proposition
3.7 we need the existence of a positive scalar curvature metric on M which is guaranteed by the
following Lemma.
Lemma 3.8. Let F ′ → F d → Sn be an oriented smooth fiber bundle with simply connected,
stably parallelizable fiber F ′ that admits a metric of positive scalar curvature. If F is non-
spinnable or if F is Spin and d 6≡ 1, 2 (mod 8), then F admits a metric of positive scalar
curvature as well. If F is Spin and d ≡ 1, 2 (mod 8), then a sufficient condition for F to admit
a positive scalar curvature metric is that the element α ∈ πn(BDiff+(F ′)) classifying the bundle
is divisible by 2.
Proof. For n = 1 the Lemma follows in both cases from [Fre19] as the mapping class group
acts trivially on π0(Rscal>0(F ′)) or factors through Z/2 depending on the dimension. Hence
the mapping torus admits a psc-metric under the named assumptions. For n ≥ 2 we note
that F is simply connected and thus admits a psc-metric if it is either non-spinnable, or
Spin and the α-invariant of F vanishes (cf. [GL80] and [Sto92]). This finishes the proof in
the case that F is non-spinnable, so let F be Spin from now on. If d 6≡ 1, 2 (mod 8), the
α-invariant agrees with the Â-genus which vanishes because stably parallelizable manifolds are
Â-multiplicative by [HSS14, Proposition 1.9]. For the case d ≡ 1, 2 (mod 8) let BDiffSpin(F ′)
denote the classifying space for F ′-bundles with a Spin-structure on the vertical tangent bundle
(see [Ebe06, Section 3.3] or [Fre19, Section 3.3] for a more detailed discussion.). By [Ebe06,
Lemma 3.3.6] the map BDiffSpin(F ′) → BDiff+(F ′) induces an isomorphism on πn for n ≥ 2
because F ′ is simply connected and hence has a unique Spin-structure for a given orientation.
Then α(F ) ∈ KO−d(∗) ∼= Z/2Z vanishes because of the given condition since the canonical map
πn(BDiff
Spin(F ′))→ ΩSpinn (BDiffSpin(F ′))→ ΩSpind is a homomorphism. 
Theorem C now follows immediately from Proposition 2.9, Proposition 3.7 and Lemma 3.8.
Remark 3.9. Theorem C holds for every Riemannian condition that is satisfied by M and
satisfies the hypothesis of Proposition 3.2. Therefore, having a more explicit construction
REFERENCES 13
compared to the one from [HSS14] could yield non-triviality results for the induced map
πk(Diff(M))⊗Q→ πk(RC(M))⊗Q.
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arXiv: 2007.15062 [math.AT].
[Lic63] A. Lichnerowicz. “Spineurs harmoniques”. C. R. Acad. Sci. Paris 257 (1963), pp. 7–9.
[Mey72] W. Meyer. “Die Signatur von lokalen Koeffizientensystemen und Faserbündeln”. Bonn. Math. Schr. 53 (1972),
pp. viii+59.
[Mil59] J. Milnor. “Differentiable structures on spheres”. Amer. J. Math. 81 (1959), pp. 962–972. url: https://doi.
org/10.2307/2372998.
[MS74] J. W. Milnor and J. D. Stasheff. Characteristic classes. Vol. 76. Ann. of Math. Stud. Princeton University
Press, Princeton; University of Tokyo Press, Tokyo, 1974, pp. vii+331.
14 REFERENCES
[RW17] O. Randal-Williams. “An upper bound for the pseudoisotopy stable range”. Math. Ann. 368.3-4 (2017),
pp. 1081–1094. url: https://doi.org/10.1007/s00208-016-1504-0.
[Ser53] J.-P. Serre. “Groupes d’homotopie et classes de groupes abéliens”. Ann. of Math. (2) 58 (1953), pp. 258–294.
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